Abstract We study a Fermi Hamilton operatorK which does not commute with the number operatorN. The eigenvalue problem and the Schrödinger equation is solved. Entanglement is also discussed. Furthermore the Lie algebra generated by the two terms of the Hamilton operator is derived and the Lie algebra generated by the Hamilton operator and the number operator is also classified.
as basis for the respective eigenspaces. For the unitary operator U(t) = exp(−iĤt/ ) we obtain
General Case
For arbitrary n and n ≥ 2 the Hamilton operatorK is given by the 2 n × 2 n symmetric matrix over R with 1 at the entries (1, 2 n ) and (2 n , 1) and otherwise 0,
This means we have a 2 n × 2 n diagonal matrix with 1 at the entry (1, 1) and −1 at the entry (2 n , 2 n ) and otherwise 0. The eigenvalues ofK are given by 1, −1 and 0 (2 n − 2 times). The corresponding bases for the eigenspaces are
The first two eigenspaces consist of entangled vectors (except for the zero vector). The other 2 n − 2 dimensional eigenspace includes entangled and unentangled vectors. For the unitary operator U(t) = exp(−iĤt/ ) we obtain
Lie Algebras
We are looking first at the Lie algebra generated by the two operators
Consider first the case n = 1.
we find a three-dimensional simple Lie algebra with the basis
Thus we have a basis of the simple Lie algebra sℓ(2, R). The matrix representation is
Consider now the case with n = 2 and the Lie algebra generated by c † For arbitrary n we have
For n = 2 we have the commutators For n = 3 we have the commutators For general n we have
2K .
Thus we find that the four operatorsK,N,
provide a basis of a four dimensional Lie algebra which is not semisimple.
Entanglement
An n-tangle [14, 9] can be defined for the finite dimensional Hilbert space H = C 2 n , with n = 3 or n even. Consider the finite-dimensional Hilbert space H = C 2 n and the normalized states |ψ = 1 j 1 ,j 2 ,...,jn=0 c j 1 ,j 2 ,...,jn |j 1 ⊗ |j 2 ⊗ · · · ⊗ |j n in this Hilbert space. Here |0 , |1 denotes the standard basis. Let ǫ jk (j, k = 0, 1) be defined by ǫ 00 = ǫ 11 = 0, ǫ 01 = 1, ǫ 10 = −1. Let n be even or n = 3. Then an n-tangle can be introduced by This includes the definition for the 3-tangle with n = 3.
Consider now the eigenvectors of the Hamilton operatorK with n ≥ 2. Then the eigenvectors belonging to −1 and +1 are fully entangled and include part of the Bell basis. The eigenspace belonging to the eigenvalue 0 consists of both entangled and unentangled vectors.
